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Abstract. One method to solve expensive black-box optimization problems is to
use a surrogate model that approximates the objective based on previous observed
evaluations. The surrogate, which is cheaper to evaluate, is optimized instead to
find an approximate solution to the original problem. In the case of discrete problems, recent research has revolved around surrogate models that are specifically
constructed to deal with with discrete structures. A main motivation is that literature considers continuous methods, such as Bayesian optimization with Gaussian
processes as the surrogate, to be sub-optimal (especially in higher dimensions)
because they ignore the discrete structure by e.g. rounding off real-valued solutions to integers. However, we claim that this is not true. In fact, we present
empirical evidence showing that the use of continuous surrogate models displays
competitive performance on a set of high-dimensional discrete benchmark problems, including a real-life application, against state-of-the-art discrete surrogatebased methods. Our experiments on different discrete structures and time constraints also give more insight into which algorithms work well on which type of
problem.

Introduction
A principal challenge in optimization is to deal with black-box objective functions.
The objective function is assumed to be unknown in this case, in contrast to traditional
optimization that often utilizes an explicit formulation to compute the gradient or lower
bounds. Instead, we assume to have an objective y = f (x) +  with some unknown
function f (x) together with additive noise . Furthermore, f (x) can be expensive to
evaluate in terms of time or another resource which restricts the number of evaluations
allowed.
One type of method to solve these black-box optimization problems is the use of
surrogate models. Surrogate-based algorithms approximate the objective function in
search of the optimal solution, with the benefit that the surrogate model is cheaper to
evaluate. Bayesian optimization [22] is an example of such a surrogate-based algorithm.
An active field of research is how to deal with discrete black-box optimization
problems with an expensive objective function. There are many real-world examples
of this, such as deciding on the architecture of a deep neural network [7] or designing molecules with desirable properties [15]. Furthermore, optimization over structured
domains was highlighted as an important problem to address from the NIPS 2017 workshop on Bayesian optimization [10].
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Discrete optimization problems can be solved with a continuous surrogate model,
e.g. Bayesian optimization with Gaussian processes [22], by ignoring the discrete structure and rounding off the real-valued input to discrete values. However, literature in
this field generally considers this to be a sub-optimal approach [1, 8]. Therefore, research has revolved around inherently discrete models such as density estimators or
decision trees, e.g. HyperOpt [2] or SMAC [12]. Another approach is to use continuous
models that guarantee discrete optimal solutions, such as the piece-wise linear model
IDONE [4].
In contrast to common belief, we present an empirical study that displays that continuous surrogate models, in this case Gaussian processes and linear combinations of
rectified linear units, show competitive performance on expensive discrete optimization
benchmarks by outperforming discrete state-of-the-art algorithms. Firstly, we will introduce the problem, the related work, and the considered benchmark problems. Then,
in the remainder of the paper we 1) perform a benchmark comparison between continuous and discrete surrogate-based algorithms on optimization problems with different
discrete structures (including one real-life application), 2) investigate why continuous
surrogate models perform well by transforming the different discrete problem structures and visualizing the continuous surrogate models, and 3) perform a more realistic
analysis that takes the time budget and evaluation time into account when comparing
the algorithms. We conclude that continuous surrogates applied to discrete problems
should get more attention, and leave some questions for interesting directions of future
research in the domain of discrete expensive black-box optimization.

Problem Description
Consider the following class of d-dimensional discrete optimization problems:
minimize

f (x)

subject to

x ∈ Zd

x

(1)

li ≤ xi ≤ ui , i = 1, . . . , d
where li and ui are the lower and upper bound for each integer-valued decision
variable xi . For black-box optimization problems, we assume to have no closed form
expression for f : Zd → R. The only information which can be gathered about f
comes from observing the output when evaluating f (x) given some input x. However,
in many real-world applications we will also have to deal with some noise  ∈ R such
that we are given the output y = f (x) + . Obtaining an evaluation is also assumed to
be expensive: it could require large computational power, human interaction with the
system or time consuming simulations. Therefore it is of interest to obtain a solution
within a limited amount of evaluations B, also known as the budget.
One way of solving this class of problems is to make use of a so called surrogate model. A surrogate model is an auxiliary function M that approximates the objective function based on the points evaluated so far. This model is cheaper to evaluate
in comparison to the original black-box objective function. Given a number m of already evaluated points, the surrogate model is constructed using the evaluation history
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H = {(x(1) , y (1) ), (x(2) , y (2) ), . . . , (x(m) , y (m) )}. The surrogate can be utilized to
predict promising points to evaluate next on. The next feasible solution x(m+1) to evaluate on can be chosen based on this prediction. These steps, which are also described
in Algorithm 1, are repeated until the budget B is reached.
Typically, an acquisition function A(M, x) is used to propose the next point x(m+1)
to evaluate with the objective function. It predicts how promising a new point x is,
based on a trade-off of exploitation (searching at or near already evaluated points that
had a low objective) and exploration (searching in regions where the surrogate has
high uncertainty). In general, the next point is chosen by finding the global optimum
x(m+1) = argmax A(M, x).
x

Algorithm 1 Surrogate-based optimization
Require: budget B, surrogate model M , acquisition function A
1: Initialize x(1) randomly and an empty set H
2: for m = 1 : B do
3:
y (m) ← f (x(m) ) + 
4:
H ← H ∪ {(x(m) , y (m) ))}
5:
M ← fit surrogate model using H
6:
x(m+1) ← argmax A(M, x)
x

7: end for
8: return optimal (x∗ , y ∗ ) ∈ H

Related Work
Although discrete problem structures are difficult to handle in black-box optimization,
multiple approaches have been proposed. A survey by M. Zaefferer [24] presents different strategies for dealing with discrete structures in surrogate-based algorithms. The
first strategy is the naive way by simply ignoring the discrete structure. Another strategy is to use inherently discrete models such as tree-based models [2, 12]. These models
can however fail if the problem structure is too complex or if there are both discrete and
continuous variables involved [24]. Lastly, discrete structures can be dealt with by using
a certain mapping. Although this strategy does not apply directly to a surrogate model, a
suitable mapping can make the problem easier. For example, encoding integer solutions
with a binary representation can be easier for some regression models to handle.
There are also other strategies such as using problem-specific feature extraction or
customizing the model. However, these violate the black-box assumption which is why
we will not discuss them.
We now discuss several surrogate-based optimization algorithms that can solve the
expensive discrete optimization problem in eq. (1) and that also have their code available online.
Bayesian optimization has a long history of success in expensive optimization problems [13], and has been applied in many domains such as chemical design and hyper-
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parameter optimization for deep learning [9, 14]. It typically uses a Gaussian process
as a surrogate to approximate the expensive objective. Several acquisition functions exist to guide the search, such as Expected Improvement, Upper Confidence Bound, or
Thompson sampling [21], information-theoretic approaches such as Predictive Entropy
Search [11], or simply the surrogate itself [5, 18]. Though Gaussian processes are typically used on continuous problems, they can be adapted for problems with discrete
variables as well. The authors of [8] suggest three possible approaches, namely rounding to the nearest integer 1) when choosing where to evaluate the objective function, 2)
when evaluating the objective function, or 3) inside the covariance function of the Gaussian process. The latter provides the best results but gives an acquisition function that
is hard to optimize. The first option leads to the algorithm getting stuck by repeatedly
evaluating the same points, although this can be circumvented by carefully balancing
exploration and exploitation [17]. In this work, we will consider only the simpler second
option, for which we do not need to modify any existing implementations.1
BOCS2 [1] transforms the combinatorial problem into one that can be solved with
semi-definite programming. It uses Thompson sampling as the acquisition function.
However, it suffers from a large time complexity, which was only recently overcome by
using a submodular relaxation called the PSR method3 [6].
COMBO4 [23] uses an efficient approximation of a Gaussian process with random
features, together with Thompson sampling as the acquisition function. Though this
gives increased efficiency, COMBO deals with discrete search spaces by iterating over
all possible candidate solutions, which is only possible for small-dimensional problems.
HyperOpt5 [2] makes use of a tree of Parzen estimators as the surrogate model. It
can naturally deal with categorical or integer variables, and even with conditional variables that only exist if other variables take on certain values. The algorithm is known
to perform especially well on hyperparameter tuning problems with hundreds of dimensions [3]. This is in sharp contrast with Bayesian optimization algorithms using
Gaussian processes, which are commonly used on problems with less than 10 dimensions. A possible drawback for HyperOpt is that each dimension is modeled separately,
i.e., no interaction between different variables is modeled. HyperOpt uses the Expected
Improvement acquisition function.
SMAC6 [12] is another surrogate-based algorithm that can naturally deal with integer variables. The main reason for this is that the surrogate model used in this algorithm
is a random forest, which is an inherently discrete model. A point of critique for SMAC
is that the random forests have worse predictive capabilities than Gaussian processes.
Nevertheless, like HyperOpt, SMAC has been applied to problems with hundreds of
dimensions [16]. SMAC uses the Expected Improvement acquisition function.
1

2
3
4
5
6

We consider the implementation from https://github.com/fmfn/BayesianOptimization in this
work, which uses the Upper Confidence Bound acquisition function.
https://github.com/baptistar/BOCS
https://github.com/aryandeshwal/Submodular Relaxation BOCS
https://github.com/tsudalab/combo
https://github.com/hyperopt/hyperopt
https://github.com/automl/SMAC3
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IDONE7 [4] uses a linear combination of rectified linear units as its surrogate model.
This is a continuous function, yet it has the special property that any local minimum of
the model is located in a point where all variables take on integer values. This makes the
method suitable for expensive discrete optimization problems, with the advantage that
the acquisition function can be optimized efficiently with continuous solvers. IDONE
uses the surrogate model itself as the acquisition function, but adds small perturbations to the optimum of the acquisition function to improve its exploration capabilities.
Though the method is not as mature as SMAC or HyperOpt, it also has been applied to
problems with more than 100 variables [4].

Benchmark problems
We present the four different benchmark problems that are used to compare the surrogatebased algorithms. The purpose of the benchmarks is to compare the discrete surrogatebased algorithms presented in the previous section and investigate which algorithms are
most suited for which type of problem.
The benchmarks have been selected to include binary, categorical and ordinal decision variables but also different discrete structures such as sequential or graph-based
structures. Since we assume that the evaluation of the objective functions is expensive,
we perform the benchmark with a relatively strict budget of at most 500 evaluations. The
objective function is evaluated once per iteration in Algorithm 1. Furthermore, we are
testing on relatively large problem sizes, ranging from 44 up to 150 decision variables
with search spaces of around ∼ 1050 possibilities. This range is interesting considering
that Bayesian optimization using Gaussian processes is typically applied on problems
with less than 10 variables.
On top of that, it has been shown that a large dimensionality reduces the importance of choosing a complicated acquisition function [18], which helps us doing a fair
comparison between surrogates.
Moreover, we do an analysis of the performance of each algorithm where we limit
the allowed time budget instead of the number of evaluations and simulate different
evaluation times of the objective functions. The time budget includes both the total
time to evaluate the objective function and the computation time of the optimization
algorithm. Thus, it puts emphasis on the computation time of the algorithm in addition
to their respective sample efficiency.
We present the four benchmark problems in detail below. Note that we present these
problems in detail but that they are treated as black boxes by the optimization algorithms.
The Discrete Rosenbrock problem is a d-dimensional, non-convex function, with
a curved valley that contains the global optimum defined by the following function:
f (x) =

d−1
X
i=1

7

https://bitbucket.org/lbliek2/idone

[100(xi+1 − x2i )2 + (1 − xi )2 ]

(2)
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where x ∈ Zd . In the Rosenbrock problem, finding the valley is simple, but finding
the global optimum [1, 1, . . . , 1] is not. As we are exploring discrete optimization problems, we consider a discrete variant of the problem such that only integer solutions
are considered. We have d = 49 decision variables and each decision variable xi is
bounded by the range [−5, 10]. Thus, the problem’s search space is in the order of 1059
candidate solutions. Lastly, the additive noise  is normally distributed according to
N (µ = 0, σ = 10−6 ).
The Weighted Max-Cut problem is an NP-hard graph cutting problem, defined as
follows: For an undirected weighted graph G = (V, E), a cut in G creates the subset
S ⊆ V and its complement S = V \S. Then E(S, S), is defined as the set of edges that
have one vertex in S and the other in S. The Max-Cut problem is to find the cut that
maximizes the weight of the edges in E(S, S). The problem is encoded with a binary
string x ∈ {0, 1}d where either xi = 0 or xi = 1 indicates if node i lies in S or S
respectively.
For the following experiments, the MaxCut problem instances are randomly generated as weighted graphs, with d nodes, edge probability p = 0.5 and a uniformly
distributed edge weight in the range [0, 10]. The graph generator is initialized with the
same random seed for every run, ensuring that all experiments of a given problem size
are performed on the same graph. On top of that, the additive noise  added to each
evaluation is following a standard normal distribution N (µ = 0, σ = 1). Lastly, we are
using a graph with d = 150 nodes which means that the size of the problem’s search
space is 2150 ≈ 1057 .
The Perturbed Traveling Salesman is a variant of the well-known sequential
graph problem where, given a number of cities and the distances between these cities,
a shortest path needs to be found that visits all cities and returns to the starting city.
We consider the asymmetric case with k cities where the distance between cities is not
the same in both directions. Moreover, noise  ∼ U (0, 1) is added to each distance
during evaluation. While the perturbation can cause issues for problem-specific solvers,
it creates a good benchmark for black-box optimization algorithms. To ensure a robust
solution, each proposed route is also evaluated 100 times and the worst-case objective value is returned. Furthermore, we will consider problem instance ftv44. This is
an instance with 44 cities taken from TSPLIB [20], a library of problem instances for
the traveling salesman problem. An instance with 44 cities is chosen to closely match
the number of decision variables in the ESP problem which has a fixed number of 49
decision variables.
The problem is encoded as in [4]: after choosing a fixed origin city, there are d =
k − 2 ordered decision variables xi for i = 1, . . . , d such that x1 ∈ {1, 2, . . . , k − 1}
where each integer represents a city other than the origin city. Then, the next decision
variable x2 ∈ {1, ..., k − 2} selects between the cities that were not yet visited. This is
repeated until all cities have been chosen in some order. Since the last decision variable
xd ∈ {1, 2} selects between the two remaining cities, we can deduce afterward the
two remaining edges which closes the route since there is one last city to visit before
returning to the origin city. Thus, the total number of possible sequences is given by
(d − 1)! ≈ 6 · 1052 for this instance.
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The Electrostatic Precipitator problem is a real-world industrial optimization
problem first published by Rehbach et al. [19]. The Electrostatic Precipitator (ESP)
is a crucial component for gas cleaning systems. It is a large device that is used when
solid particles need to be filtered from exhaust gases, such as reducing pollution in fossil fueled power plants. Before gas enters the ESP, it passes through a gas distribution
system that controls the gas flow into the ESP. The gas flow is guided by configurable
metal plates which blocks the airflow to a varying degree. The configuration of these
plates inside the gas distribution system is vital for the efficiency of the ESP. However,
it is non-trivial to configure this system optimally.
The objective function is computed with a computationally intensive fluid dynamics
simulation, taking about half a minute of computation time every time a configuration
is tested. There are 49 slots where different types of plates can be placed or be left
empty. In total, there are 8 different options available per slot. This is formalized such
that each integer-valued solution x is subject to the inequality constraint 0 ≤ xi ≤ 7
for i = 1, . . . , 49. This gives a large solution space in the order of 1044 possibilities.
Lastly, the problem has some ordinal structure where the decision variables decides
between sizes of holes which are covering the plates. However, as an indication of the
complex problem structure we have noted that changing any single variable does not
affect the objective function.

Experiments
The goal of this section is to show a benchmark comparison between discrete and
continuous surrogate-based algorithms on the discrete optimization problems of the
previous section. The compared algorithms are HyperOpt and SMAC as two popular
surrogate-based algorithms that make use of a discrete surrogate model if the search
space is discrete, and Bayesian optimization as a popular surrogate-based algorithm for
continuous problems. Though there exist several other algorithms that can deal with the
discrete setting, these three are often used in practice because they are well established,
can be used for a wide variety of problems, and have code available online. We also include IDONE in the comparisons as a surrogate-based algorithm that uses a continuous
surrogate model but is designed for discrete problems, and random search is included
as a baseline.
All experiments were run on the same Unix-based laptop with a Dual-Core Intel
Core i5 2.7 GHz CPU and 8 GB RAM. Each algorithm attempted to solve the benchmarks 5 times. The allowed evaluation budget was 500 evaluations for all problems
except the ESP problem where 100 evaluations were allowed instead due to it being
more computationally expensive.
We are using the default hyperparameters for all algorithms, which are decided by
their respective code libraries, with two exceptions. We change the SMAC algorithm to
deterministic mode, since it otherwise evaluates the same point several times, which deteriorates its performance significantly. Besides that, the first five iterations of IDONE
are random evaluations, which is similar to what happens in the other algorithms. The
other algorithms start with their default number of random evaluations (which is 5 for
Bayesian optimization and 3 for SMAC and HyperOpt), however for a fair comparison
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we make sure that all of these initial random evaluations come from a uniform distribution over the search space. Unfortunately, more extensive hyperparameter tuning than
stated above is too time-consuming for expensive optimization problems such as ESP.
In the following section we present the results from the benchmark comparison of
the four surrogate-based optimization algorithms. The benchmark consists of the four
problems which have varying discrete structures.
Results
In this section we describe the main results from comparing the algorithms on the discrete Rosenbrock, weighted Max-Cut, the travelling salesman and the ESP problems.
Figure 2 shows the best average objective value found until a given iteration on each
problem as well as their respective computation time. The computation time is the cumulative time up until iteration i which is required to perform the steps on line 5 and
6 in Algorithm 1. Furthermore, we also investigate how the algorithms perform if we
introduce a time budget during optimization instead of constraining the number of evaluations.
Ordinal structures We start by comparing the results from the 49-dimensional discrete
Rosenbrock problem. In Figure 2a, we see that Bayesian optimization (BO) is the only
algorithm that comes close to the optimal objective value of zero. The other algorithms
are not performing as well, where HyperOpt (HO) gets the closest to BO. Given that the
problem is in fact a discrete version of an inherently continuous problem with ordinal
variables, this can be considered to be well suited for continuous model regression. On
the other hand, IDONE also uses a continuous surrogate, but it does not perform as well
as BO. A possible explanation is that IDONE is less flexible since it is a piece-wise
linear model.
To investigate the quality of the surrogates from both BO and IDONE, we visualize
their surfaces in Figure 1 for the 2-dimensional case of Rosenbrock. The Gaussian process from BO (which uses a Matérn 5/2 kernel in this case) predicts a smoother surface
than IDONE which appears more rugged and uneven. Overall, BO looks more similar
to the objective ground truth. We can argue that this is why BO performs well while
IDONE does not. BO is likely suitable for the discrete Rosenbrock problem since the
problem has an underlying continuous structure with ordinal variables. Meanwhile, this
structure could be too complex for the piece-wise linear surrogate in IDONE.
However, we are interested in investigating problems which do not necessarily have
a clear continuous structure. Thus, we look at the ESP problem which also happens to
have some ordinal structure. The results from this problem are found in Figure 2c. It
shows a more even performance among the algorithms compared to the Rosenbrock
problem, although BO still returns the best objective on average. This is closely followed by both SMAC and HO, while IDONE is doing worse than random search.
Based on the results from these two problems, it appears that BO works well on
ordinal structures. However, this does not seem to hold true for all continuous surrogates
considering the performance of IDONE. Still, the naive approach with BO outperforms
the other state-of-the-art discrete algorithms on the problems that we have discussed so
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Fig. 1: Visualization of continuous surrogates that approximate the two-dimensional
Rosenbrock, namely the linear combination of ReLUs from IDONE and Gaussian processes from BO. These models were picked based on the best performance from 15
different runs with 50 evaluations each. HyperOpt and SMAC are not visualized since
this is not supported by their respective code libraries.

far. This is actually in line with experimental results from [8] on small problems (up
to 6 dimensions) with both discrete and continuous parameters, though it was not the
main conclusion of the authors. The difference with our work is that we consider purely
discrete problems of higher dimensions, from a real-life application, and we include
IDONE in the comparison.
Binary structures We will now consider a graph problem, that is the weighted MaxCut problem. From the results in Figure 2e, we notice that BO clearly outperforms all
other algorithms. Meanwhile, IDONE is the second best, followed by SMAC and then
HO which performs worse than random search. Compared to the other problems that
we have seen so far, a major difference is the binary decision variables in the Max-Cut
problem. We use this to frame our hypothesis, namely that the good performance of BO
on the Max-Cut problem is due to the binary structure of the problem.
To investigate this hypothesis, we perform an additional experiment by encoding the
49-dimensional, discrete Rosenbrock with binary variables and compare this with the
previous results from Figure 2a. The ordinary problem has 49 integer decision variables
which lie in the range [−5, 10], this is converted into a total of 196 binary decision variables for the binary-encoded version. Table 1 shows the performance of the algorithms
on the binary-encoded, discrete Rosenbrock. Although BO is performing worse on the
binarized Rosenbrock, it is still performing the best compared to the other algorithms,
even though both SMAC and IDONE perform better on the binarized problem. Thus,
we could argue that the binary representation of the Max-Cut problem can not explain
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(a) Best average objective value versus iteration (b) Average computation time versus iteration
on the 49-dimensional discrete Rosenbrock.
on the 49-dimensional discrete Rosenbrock.

(c) Best average objective value versus iteration (d) Average computation time versus iteration
on the ESP problem.
on the ESP problem.

(e) Best average objective value versus iteration (f) Average computation time versus iteration
on the 150-dimensional weighted Max-Cut.
on the 150-dimensional weighted Max-Cut.

(g) Best average objective value versus iteration (h) Average computation time versus iteration
on the TSP with 44 cities.
on the TSP with 44 cities.

Fig. 2: Comparison of objective value and computation time of Bayesian optimization (BO), SMAC, IDONE, HyperOpt (HO) and random search (RS) on four different
benchmark problem. An average is computed from 5 runs and the standard deviation is
plotted as the error. The objective value has been negated for Max-Cut since the maximization problem has been turned into a minimization problem. The evaluation budget
was 500 evaluations for all problems except the ESP problem which was limited to 100
evaluations due to it being more computationally expensive.
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why BO performs well on this problem. There is a possible argument that the binary
variables might cause less rounding-off errors since the range of values is simply zero
to one with a threshold in the middle. However, a counter-argument is that such a large
number of decision variables is typically not well-suited for Gaussian processes regression. This is also indicated by the large computation time of BO on the Max-Cut, see
Figure 2f, compared to the other problems as well.
Sequential structures Even though TSP is a graph problem like the Max-Cut problem,
there is an important difference. TSP has a sequential structure since the decision variables select an ordering that directly affects the objective value. Moreover, the encoding
of the problem, as described in the “Benchmarks problems” section, causes strong interactions between adjacent decision variables.
We continue by looking at the results from TSP in Figure 2g. BO is now outperformed by IDONE even though it still performs better than SMAC and HO on average, although BO has a large variance on this problem. We suspect that the sequential
structure is well-suited for IDONE, as it explicitly fits some of its basis functions with
adjacent variables in the input vector (x1 , x2 , . . . , xd ) [4].
To investigate whether this is the case, we test what happens when the order of
the decision variables are re-shuffled in TSP such that the sequential structure is removed. This is done by adding to the objective function a mapping that changes the
order of the variables in the input vector (x1 , x2 , . . . , xd ) to a fixed arbitrarily chosen
order. From Table 2 we see that IDONE performs worse without the original sequential
structure. At the same time, the other algorithms show no large significant difference.
However, IDONE returns the best objective on average both with and without shuffling
the order of variables. The large variance on BO makes it more difficult to draw any
strong conclusions, but since IDONE also uses a continuous surrogate model, we can
still conclude that continuous surrogates perform better than the discrete counterparts
on this problem.

Binary
Algorithm Non-binary
BO
0.067 (0.021) 0.37 (0.038)
SMAC
1.61 (0.18)
1.28 (0.29)
HyperOpt 0.91 (0.13)
0.94 (0.14)
IDONE
1.13 (0.20) 0.61 (0.038)

Table 1: Comparison of results on the
49-dimensional discrete Rosenbrock with
and without binary encoding of the decision variables. The final average objective
value from 5 runs is presented after 500
evaluations with the standard deviation in
parenthesis. The lowest objective value is
marked as bold in each column.

Algorithm
BO
SMAC
HyperOpt
IDONE

Non-shuffled
4713.2 (789.2)
4841.8 (184.7)
4971.9 (256.5)
4122.8 (279.8)

Shuffled
4898.0 (292.4)
4784.9 (302.7)
4871.8 (221.9)
4556.4 (175.7)

Table 2: Comparison of TSP with 44 cities
when the input has a sequential structure versus that decision variables’ position have been shuffled. The final average
objective value from 5 runs is presented
after 500 evaluations with the standard deviation in parenthesis. The lowest objective value is marked as bold in each column.
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Taking computation time into consideration Although BO performs well on the
benchmark comparisons, we are noticing that it is more expensive with respect to compute time compared to the other surrogate-based methods. Figures 2b, 2d, 2f and 2h
show the cumulative time on the problems.
In general, BO requires a vast amount of time compared to the other algorithms, especially on Max-Cut where the computations took one to two minutes per iteration. This
is not surprising considering that regression with Gaussian processes is computationally
intensive: its complexity grows as O(n3 ) where n are the number of observations [21].
This can be a big drawback if the evaluation time of the objective function is relatively
small.

Fig. 3: The best algorithm on average when given a time budget and a fixed evaluation
time of the objective function. The results are simulated by adding an artificial evaluation time after running the experiments. For the ESP problem, the actual evaluation
time was about 3 · 101 seconds for each function evaluation. The time budget includes
both the evaluation time and the compute time of the algorithms.

Meanwhile, the other algorithms share similar computation times which are often
less than one second. The only exception is for IDONE which requires more computation time on TSP, see Figure 2h.
So far, we have only considered experiments that restrict the number of evaluations.
But in real-life applications, the computation time of an algorithm can be important to
take into consideration when limited with some given time budget as well. In particular,
the large computation time of BO motivates the question whether it would still perform
well under a constrained time budget instead. By keeping track of both the evaluation
times of the objective functions, as well as the computation time spent by the algorithms
at every iteration, we can investigate the performance of the algorithms in different
situations. We artificially adjust the evaluation time in the experiments from Figure 2
to simulate the cost of the objective function. The evaluation time ranges from 101 to
1.5 · 103 seconds. Similarly, the time budget varies between 102 and 104 seconds.
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Figure 3 displays which algorithm performs best on average for each problem, depending on the evaluation time and time budget. Notice that the lower triangular shape
is caused by the fact that the time budget must be larger than the evaluation time. To
ensure a fair comparison, we only present the algorithm with the best final average
objective value if the maximum number of evaluations from the previous benchmark
experiments was not exceeded within the allocated time budget for all algorithms.
For the ESP problem, the results are mixed. It seems like the best algorithm varies
between BO, HO, SMAC and even random search, depending mostly on the ratio between the time budget and the evaluation time. For example, random search performs
best when the evaluation time is around the order of 101 smaller than the time budget which gives relatively few evaluations. Meanwhile, BO performs best with a much
larger ratio. On the discrete Rosenbrock benchmark, BO is clearly the best in almost all
cases. The only exception is when the ratio between evaluation time and time budget is
very small, in which case IDONE performs better. For the weighted Max-Cut, on the
other hand, we notice the opposite of what we see with the Rosenbrock benchmark.
Thus, it seems like the growth in compute time of BO, see Figure 2f, sometimes outweighs its good performance which we noted earlier when only taking an evaluation
budget into consideration. Lastly, we see that IDONE and HyperOpt outperform other
algorithms on TSP when constrained by a time budget.
This experiment gives a better picture of the performance of each algorithm, especially if we may consider it to be more realistic by taking time constraints into consideration. Thus, the experiment from Figure 3 is a good complement to our benchmark
comparison. In the following and last section, we summarize the conclusions that can
be drawn from all of the above experiments.

Conclusion and Future Work
Based on the results from the benchmark comparison, we can show that the use of continuous surrogate models is a valid approach for expensive, discrete black-box optimization. Moreover, we give insight into what discrete problem structures are well-suited for
the different methods.
We have shown that Bayesian optimization (BO) performs better than discrete stateof-the-art algorithms on the four tested, high-dimensional benchmarks problem with
either ordinal, sequential or binary structures. IDONE, another continuous surrogatebased algorithm designed for discrete problems, outperforms BO on the benchmark
with a sequential structure, but not on the three other benchmarks.
In addition, we have investigated how the different algorithms deal with the different
problem structures. Firstly, ordinal structures appear suitable for BO, especially if the
objective function has an underlying continuous structure such as the discrete Rosenbrock benchmark. For binary structures, we noticed that BO is negatively affected by
binary variables, while IDONE and SMAC benefited from this transformation. However, BO still returned the best solution on the binary Max-Cut problem, even though
a big drawback was its computation time. Lastly, we have seen that IDONE outperforms the other algorithms on a problem with sequential decision variables, even after
negatively affecting it by changing the ordering.
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We also investigated the different algorithms under different time constraints by
artificially changing the function evaluation times of the different benchmark problems.
For lower time budgets, BO is held back by its large compute time in some cases. Even
though BO is a time-intensive method, it mostly showed competitive performance when
the evaluation time was relatively low and the time budget high, except for the binary
Max-Cut problem. IDONE, HyperOpt, SMAC, and even random search all had specific
problems and time budgets where they outperformed other algorithms. Lastly, based on
our results, discrete surrogate-based methods could be more relevant in the setting with
a limited time budget, in contrast to only limiting the number of evaluations.
Finally, we state some open questions which remain to be answered about continuous surrogates in the topic of expensive, discrete black-box optimization. Considering
that we looked at a naive approach of BO, it is still an open question how the more
advanced discrete BO variations would fare in the framework where time budgets and
function evaluations times are taken into account like in this paper. This same framework would also lead to interesting comparisons between surrogate-based algorithms
and other black-box algorithms such as local search or evolutionary algorithms, which
are better suited for cheap function evaluations. It also remains unclear why BO performs best on the binary Max-Cut benchmark even though it is negatively affected by
binary structures on the Rosenbrock function. Finally, it would be of great practical
value if one could decide on the best surrogate-based algorithm in advance, given the
time budget and evaluation time of a real-life optimization problem. This research is a
first step in that direction.
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